We consider a spherical volume of hot and dense hadronic matter (fireball) expanding into a vacuum. It is assumed that initially the fireball matter is in local thermal and chemical equilibrium with vanishing collective velocity. The time evolution of the fireball is studied in parallel within the GiBUU transport model and an ideal hydrodynamic model. The equation of state of an ideal hadronic gas is used in the hydrodynamic calculation. The same set of hadronic species is used in transport and fluid-dynamical simulations. Initial coordinates and momenta of hadrons in transport simulations have been randomly generated by using the Fermi and Bose distributions for (anti)baryons and mesons. The model results for radial profiles of densities and collective velocities of different hadronic species are compared at different times. We find that two considered models predict essential differences in time evolution of hadron abundances, which are especially pronounced for hyperonic species. This gives an evidence of a strong deviation from chemical equilibrium in expanding hadronic matter.
I. INTRODUCTION
Physics of high energy heavy-ion collisions exhibits a rapid development during last several decades. A lot of efforts has been made to extract the information on properties of hot and dense nuclear matter from experimental data. Numerous theoretical models have been proposed to describe the complicated dynamics of multi-particle systems produced in nuclear collisions. An important place in understanding the main features of experimental data is still occupied by simple fireball [1, 2] , blast wave [3, 4] and thermal [5, 6] models.
More sophisticated hydrodynamic models (see e.g. a recent review [7] ) have been very successful in reproducing a large amount of experimental data in a wide range of bombarding energies. An attractive feature of these models is their capability to study the sensitivity of observables to the equation of state (EoS) of strongly interacting mater and, in particular, to a possible deconfinement phase transition. The hydrodynamic models (HDM) are usually applied to describe the evolution of matter only at some intermediate stage of a heavy-ion collision. They are not well suited for early and late stages since large deviations from local thermodynamic equilibrium are expected in this case.
As a rule, these models assume the formation of a quasi-equilibrated fireball at an intermediate stage of the collision process. The geometrical and thermodynamic parameters of the initial fireball are normally chosen to achieve the best fit of observed data. The (2+1)-dimensional HDM [8] [9] [10] [11] [12] became especially popular in recent years. These models describe the dynamics of a cylindrical fireball expanding in transverse and longitudinal directions.
Of course, the hydrodynamic approach can not be directly applied to simulate the late stages of a heavy-ion reaction when collisions of particles become too rare to maintain the thermodynamic equilibrium. The assumption of an instantaneous transition to the collisionless propagation of particles ("freeze-out") has been introduced [13, 14] to calculate the asymptotic particle spectra in HDM. However, the direct kinetic simulations of spacetime distributions of last-collision points in relativistic nuclear reactions show [15] that the freeze-out is in fact a continuous process, even in central interactions of heaviest nuclei (for details, see [7, 16] ). It has been also conjectured [17, 18] that the stages of a "chemical" (saturation of particle multiplicities) and "kinetic" (saturation of particle spectra) freezeout should be separated in time. It is believed that the chemical freeze-out takes place earlier because of much faster drop of inelastic collision rates as compared to elastic ones in expanding matter. On the other hand, there are several fluid-dynamical studies [19, 20] where experimental particle spectra have been successfully reproduced without introducing such a separation.
Thermodynamic equilibrium is not postulated in microscopic transport models of nuclear collisions. Currently, the UrQMD [21] , GiBUU [22, 23] , HSD [24, 25] , QGSM [26] and AMPT [27] transport models are widely used for simulating relativistic nuclear collisions. These models are not well suited for describing high density states of hadronic matter, where multiparticle (non-binary) channels of hadronic interactions are presumably important. As a rule, contributions of such channels are disregarded in existing versions of transport models. On the other hand, as demonstrated in Refs. [28] [29] [30] , multimesonic channels of baryon-antibaryon pair production might be responsible for high yields of antiprotons and antihyperons observed at SPS and RHIC energies.
A more realistic description of the freeze-out processes in heavy-ion collisions can be achieved in a hybrid "hydro-cascade" model [11, 12, [31] [32] [33] . In this approach, hydrody- Although such a procedure seems to be intuitively justified, it should be verified for more or less typical situations. In the present work, a spherical expansion of an ideal hadronic gas is simulated in parallel by using the transport and hydrodynamic models. Specifically we use a non-viscous hydrodynamics with an ideal-gas EoS and the transport GiBUU model [22, 23] (without mean-field interactions). The initial fireball is assumed to be in thermodynamic equilibrium. Thermodynamic parameters of this state are used to generate randomly the set of initial hadrons for subsequent transport calculations. By the direct comparison of results predicted by the GiBUU and HDM we investigate possible deviations from thermal and chemical equilibrium in the course of expansion.
Finally, we would like to mention several earlier works [34] [35] [36] which studied the particle composition in an expanding fireball within a "hadrochemical" approach. There a set of rate equations for particle abundances was combined with a simplified hydrodynamic description.
But the calculations had been performed for a spatially uniform background neglecting surface effects. The direct comparison between hydrodynamic and transport calculations have been recently made in the case of a cylindrical gluonic fireball in Ref. [37] The paper is organized as follows: parameters of the initial fireball are given in Sec. IIA, our hydrodynamic model is formulated in Sec. IIB. In this section we also show radial profiles of densities and collective velocities obtained by numerical solution of fluid-dynamical equations. Our transport model is formulated in Sec. IIC. In Sec. III we compare the predictions of the hydrodynamic and transport models. Our conclusions are presented in Sec. IV. The procedure of initial event generation is described in Appendix.
II. DESCRIPTION OF THE MODELS

A. Initial state
We assume that at t = 0 the fireball is locally equilibrated and has vanishing collective velocity. The initial radial profiles of energy (ε) and baryon (n) densities are parametrized by the Woods-Saxon distribution with some radius R and diffuseness a:
Below we choose the following parameters:
The initial values of energy and baryon densities at the fireball center, ε 0 and n 0 , are typical for high density states of hadronic matter created in heavy-ion collisions at E lab ≃ 10 AGeV (see e.g. Ref. [38] ).
B. Hydrodynamic simulation of fireball expansion
In this section we describe the HDM for simulating the fireball expansion. The model assumes that deviations from local equilibrium are small at any space-time point (r, t). In this approximation, the single-particle phase-space distribution function (DF) of i-th hadronic species is equal to a locally equilibrated DF f 
where g i is the spin-isospin degeneracy of i-th hadronic species [54] , E i = γ (E i − pv) is a single-particle energy in the local rest frame (LRF), E i = m In our fluid-dynamical calculations we assume a fireball matter to be in chemical equilibrium with respect to strong interactions and decays of hadrons. In this case, µ i may be represented by linear combinations of the baryon (µ) and strange (µ S ) chemical potentials:
where B i = 0, ±1 and S i = 0, ±1, ±2 . . . are, respectively, the baryon and strangeness quantum numbers of the i-th hadrons.
The values of the net baryon (n), strangeness (n S ) and energy (ε) densities in LRF, as well as pressure (P ) may be expressed [39] in terms of integrals of the DF (3) over the 3-momentum in this frame:
where the sum is taken over all hadronic species. Assuming that the strangeness density n S = 0 at any space-time point, and using Eqs. (3)- (5), one can express all thermodynamic quantities (e.g. T, µ, µ S , P ) in terms of two independent variables n and ε. In particular, in this way we obtain the EoS of the fireball matter, P = P (n, ε), which is used in our HDM (see below). 
The list of baryons and mesons included in our calculations is given in Table I [55].
The thermodynamic properties of a fireball matter, in particular, its EoS, are obtained assuming zero widths of resonances. Using Eqs. (1)- (5) and characteristics of hadrons from Table I we calculate the initial radial profiles of temperature T , chemical potentials µ, µ S and partial densities of hadronic species,
. This calculation
gives the values T ≃ 180 MeV, µ ≃ 328 MeV, µ S ≃ 110 MeV at the fireball center (r = 0).
The last two columns of Table I 
To describe the dynamics of spherical fireball expansion, we solve the equations of the (1+1)-dimensional ideal hydrodynamics. They can be written in the form [40] :
Here v = vr/r is the radial component of fluid velocity, N = nγ is the net baryon density in the fireball c.m. frame, E and M are the components of the energy-momentum tensor:
The initial conditions for these equations are given by the relations (1) and v(r, 0) = 0.
Solving (6)- (9) together with the EoS P = P (n, ε) gives the radial profiles of n, ε, v at fixed t > 0. Similar hydrodynamic studies of a spherical fireball expansion by using simplified
EoSs have been performed earlier in Refs. [41] [42] [43] .
The numerical solution of Eqs. (6)- (8) has been obtained by using the flux-corrected transport algorithm SHASTA [44, 45] . Typically, we choose the cell sizes ∆r = 2.5 · 10 −2 fm, ∆t = 5 · 10 −3 fm/c of the (r, t) grid. Similarly to Ref. [38] , in this calculation we use linear interpolations of the P (n, ε) table prepared with fixed steps in n and ε. We have checked that our numerical scheme conserves the total baryon number, energy and entropy of the fireball with relative accuracy better that 1%.
The radial profiles of fluid-dynamical quantities calculated for different times t within the HDM are shown in Figs. 1-2. In particular, thick and thin lines in the left panel of Fig. 1 show the profiles of n and N, respectively. As one can see in Fig. 1 , a rarefaction wave
propagates from the fireball periphery and reaches the fireball center at t ∼ 10 fm/c. At later times the matter in the whole fireball is involved in the expansion. At such times the radial profile of collective velocity can be approximated as v = Hr α with α < 1. In Fig. 2, we do not show external parts of velocity profiles corresponding to dilute regions of matter with n < 10 −3 fm −3 . These parts certainly can not be realistically described within the ideal HDM because of large local Knudsen numbers. are omitted. The dots in the left panel correspond to spatial points where n = 10 −2 fm −3 .
C. The GiBUU transport model
To study possible deviations from local equilibrium, the expansion of the hadronic fireball has been also simulated within the GiBUU transport model (version 1.2.2) [22, 23, 46] .
The detailed description of the model is given in Ref. [23] , below we present only its short summary. We apply GiBUU in a cascade mode, i.e. omitting contributions of nuclear and
Coulomb potentials. The evolution of hadronic phase-space DFs f i (r, p, t) due to free propagation of hadrons, as well as due to their two-body collisions and resonance decays is described by kinetic equations with corresponding collision terms. They are solved by using the standard test-particle method [47] which includes the Hamiltonian equations of motions for test particles and their two-body collisions (or decays) generated by a Monte Carlo method.
In present calculations we use one test particle per hadron and consider a large number of parallel ensembles which we call "events". Each event is characterized by a specific sets of hadronic species, as well as their coordinates r j (t) and momenta p j (t).
The DF of i-th hadronic species is represented as follows
where the angular brackets denote averaging over all events and the sum runs over all hadrons of the type i existing at given time t in a given event [56] . The hadrons propagate along straight-line trajectories (ṙ j = p j /E j ,ṗ j = 0) between their two-body scatterings.
The latter change the momenta abruptly and also lead to production of new hadrons [57] .
Resonances are allowed to decay during time evolution.
For calculating collective velocities of particles, one should know radial profiles of the 4-current density J µ i and the energy-momentum tensor T µν i of the hadronic species i. As in the HDM, we consider initial states with spherically symmetric distributions of particles.
Let us consider a thin shell occupying a region of points with radii between r and r + ∆r. In the spherical coordinate system with the origin at the fireball center, only the components of
with µ, ν = 0, r are nonzero in the limit of a large number of events. By using Eq. (10) one can get the relations:
where Θ j = (4πr 2 ∆r) −1 if the radial coordinate r j of hadron j in a given event falls into the interval (r, r + ∆r) and Θ j = 0 in the opposite case. The second equalities in (11)- (12) 2 Θ j in (12) give, respectively, the corresponding relations for T 0r i
and T rr i . For generating initial events we use a procedure similar to that suggested in Ref. [33] . It is described in Appendix. These events have been generated according to the Fermi and Bose DF of hadrons (3). In principle, in this way one should obtain the same ensemble averaged initial distributions in both models [58] . Unless otherwise stated, the GiBUU simulations are averaged over 5000 events. Note that in our generating procedure we do not fix the total strangeness and charge of particles in a single event. However, we have checked that fluctuations of these quantities are relatively small for typical events. In particular, absolute values of net total strangeness do not exceed 1% of B tot .
III. RESULTS
A. Comparison of density profiles
The process of fireball expansion into a vacuum has been simulated in parallel within the hydrodynamic and GiBUU models. In this section we compare the density profiles for different hadronic species. Figure 3 shows the nucleon and pion densities in the fireball c.m. frame. These densities are summed over different isospin states of corresponding hadrons. Histograms in Fig. 3 are obtained within the GiBUU model by using Eq. (11) for i = N, π. Thin lines represent the profiles of densities n i γ obtained within the HDM. where the 3-vector of the current density vanishes in average over many events. In the case of spherically symmetric expansion, the CV has only the radial component. In general, within GiBUU, the hadrons of different types have different CVs. Using the Lorentz transformation to the frame where the radial current of i-th hadronic species equals to zero, one obtains the relations:
The current density components in second equation are calculated by using (11) .
Another possibility is to find the velocity of reference frame with vanishing 3-momentum flux. We denote the corresponding CV by v 2 . From the Lorentz transformation for the energy-momentum tensor one has
It can be shown that in the case of a local equilibrium both definitions give the same values of CV: v the fireball periphery. At later times the differences become visible for all r. The deviations between the models are especially large for nucleons at t 10 fm/c. These deviations can be explained by dissipative effects effectively included in GiBUU, but disregarded in the HDM.
C. Hadron abundances
In this section we compare evolutions of particle multiplicities predicted by the GiBUU and HDM. These multiplicities are obtained from radial profiles of partial densities by integration over the fireball volume. In addition to the partial densities of "free" hadrons, n i , below we also calculate the corresponding total densities, n tot i , which include hadrons "hidden" in heavier hadronic resonances [17] :
where d i j is the average number of i-th hadrons, produced in decays j → i + X. The sum in the r.h.s. runs over all resonances included in our simulations (see Table I ) and having strong decays into i-th hadrons. The coefficients d i j are calculated using branching ratios given in Ref. [48] . It is instructive to see, how particle momentum spectra evolve with time in GiBUU.
In Figs then for pions and nucleons (t 30 fm/c) and finally, for Λ hyperons (t 50 fm/c). One can not clearly distinguish the stages of "chemical" and "thermal" freeze-out, especially for Λ's.
IV. CONCLUSIONS
In this paper we have compared the results of transport (GiBUU) and hydrodynamic calculations for the expansion of a baryon-rich hadronic fireball. The initial events for transport calculations have been generated in accordance with locally equilibrated phasespace distributions of hadrons. We have found significant differences in space-time evolution of partial densities and collective velocities of hadrons predicted by these models. Also, the two models predict very different time evolution of hadron abundances.
The present study demonstrates that a simple picture of sequential chemical and kinetic freeze-outs is strongly distorted by the decay and regeneration of hadronic resonances.
According to our transport calculations, an early saturation of the particle multiplicities in an expanding fireball occurs only for the total yields, which include hadrons hidden in heavier resonances. This is especially important for strange hadrons. The hydrodynamic simulations with chemically equilibrated EoSs strongly underestimate total multiplicities of hyperons and kaons. We believe that strong deviations from chemical equilibrium predicted by transport calculations for such hadrons are real and they should be explicitly taken into account in future hydro-cascade calculations [60] .
However, one should be very careful in selecting and combing the corresponding models.
Obviously, a smooth matching of the models is only possible if there exists a stage when both transport and hydrodynamic models predict a similar behavior of macroscopic quantities. On the basis of our present analysis we conclude that these models predict an essentially different evolution of particle densities and velocities. Therefore, the combined model predictions will strongly depend on the choice of the transition hypersurface.
One should bear in mind, that in this paper we have disregarded viscosity effects in the hydrodynamic calculations. These effects may be responsible for the differences in collective velocities predicted by the two models. In the future we are going to check sensitivity of the results to the choice of initial conditions. In particular, we plan to extend our analysis to the case of nonzero initial collective velocity of the fireball. It would be also interesting to perform calculations with inclusion of relativistic mean fields. In this way one can effectively account for soft non-binary hadronic interactions disregarded in our present calculations. ∆l = 0.2 fm. For each cell we determine average numbers of the i-th hadrons,
where n i is their partial density at the cell center. The latter is calculated by integrating the equilibrium DF (3) over the 3-momentum. This calculation is performed for all mesons, baryons and antibaryons listed in Table I .
It is assumed that for each hadronic type particle multiplicities in a given cell are distributed in accordance with the Poisson distribution. In this case the probability to find n hadrons of the type i in the cell is given by the expression 
1 ≃ N i ≪ 1 even for most abundant hadrons. Probabilities to find more than one hadron (n 2) are negligible for all cells. In our calculations we consider only events with cells containing no more than one hadron.
At the first step of the initialization procedure we generate randomly particle's coordinates x, y, z assuming that each coordinate is homogeneously distributed in the interval (−L, L).
Then we find the cell containing the point (x, y, z) and decide whether it is empty or not.
To determine this, we choose a random number ξ with the homogeneous distribution in the interval [0, 1] . If the inequality ξ < 1 − P 0 does not hold, the cell is considered empty (it is excluded from further treatment of a given event). In the opposite case we consider the cell as "filled" and generate the type of hadron contained in it [61] . Following Ref. [33] we assume that the relative probability of i-th species equals N i /N tot . For hadrons with nonzero isospin I we randomly generate its isospin projection I 3 . This is done assuming the homogeneous distribution of I 3 in the interval |I 3 | I.
At the second step we generate a hadronic 3-momentum p. It is postulated that the momentum distribution of the i-th hadron in a given cell is proportional to the equilibrium DF introduced in Eq. (3) . Normalizing this distribution to unity, one gets the relation
To generate particle's momentum in accordance with distribution (A.2), we use the wellknown rejection method [53] extending it to the case of three dimensions. First, we randomly This procedure is continued for other cells until the total net baryon number of generated particles does not exceed the value B tot determined by the initial density profile n(r, 0) (see Eq. (1)). The resulting set of coordinates, momenta and types of particles is considered as a single event. It is used as an initial condition for subsequent GiBUU simulations.
